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Abstract
The consequences of certain simple assumptions like smoothness of ground state
properties and vanishing of the vacuum energy (at least perturbatively) are explored.
It would be interesting from the point of view of building realistic theories to obtain
these properties without supersymmetry. Here we show, however, at least in some
quantum mechanical models, that these simple assumptions lead to supersymmetric
theories.
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1 Introduction
One may wonder why it is so that the energy spectrum of nature – locally,
i.e. ignoring gravity – seems to have a bottom, but no top. Having in mind
that there are many parameters – coupling constants – which are so far not
understood in the sense that we do not have any theory telling why they should
just be what they are, one may ask: If we varied these parameters/couplings ,
would the bottom perhaps disappear? Would the energy density of the ground
state – essentially the cosmological constant – remain small?
A major concern of the present article is to claim that assuming the ground
state energy to remain zero – corresponding to having for all values zero cos-
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mological constant – under especially the variation of the Planck constant h¯
leads in the direction of supersymmetry.
It is of course well known that SUSY theories give zero energy for the ground
state and have been therefore considered as the possible key to the solution of
the small cosmological constant problem (see [1] for a recent review). SUSY
was also shown to have very simple smoothness properties (see e.g. [2–4]).
However it is not obvious that there are no non-supersymmetric field theories
with such properties. In fact, that would be even desirable from the point of
view of building realistic models. Recently there was such an attempt. More
precisely, a nonsupersymmetric string theory was presented which was argued
to have vanishing cosmological constant [5] (see also [6,7]). However, the claims
in [5] were criticised by Iengo and Zhu [8].
In order to understand if non-SUSY theories with such properties exist, here
we propose to investigate the opposite. We want to start from some sim-
ple assumptions, like vanishing of vacuum energy and/or certain smoothness
properties of ground state, and to consider which interactions are allowed with
these requirements. We shall see that such assumptions will (at least in cases
considered in this paper) lead us from bosonic theories to SUSY theories with
fermion degrees of freedom.
In fact, we shall start from purely bosonic theories and assume that properties
of the ground state such as energy and wave function are smooth in parameters
of the theory and in particular in Planck constant h¯. We shall also assume as
starting point that the energy of the ground state vanishes, again at least
perturbatively. This second requirement is in fact not independent from the
first one, because vacuum fluctuations bring kink type singularities and thus
non smooth contributions in h¯.
In our argumentation in the first sections one is forced to put in the fermion
degrees of freedom in order to uphold the (very strong) analyticity/smoothness
requirement under h¯ going even negative. In the case of compact configuration
spaces treated in Section 4 we shall make a very strong assumption (but still
something reasonable nice to wish for in a theory good to work with) saying
that the classical limit shall work (perturbatively) even when formally con-
tinuing to negative h¯. Since wave packets representing classical states tend to
jump around under h¯-changing-sign continuation, we are suggested to identify
in the classical interpretation the startpoint and the endpoint for such jumps.
Thereby strong classical symmetry between different points in configuration
space is to be imposed to uphold the good classical limit and that is how both
an effective fermionic degree of freedom and SUSY comes in, unavoidably.
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2 Basic assumptions
Let us start with quantum mechanics of N degrees of freedom, eventually on
the curved space. Then the Schro¨dinger equation for the ground state wave
function reads (
− h¯
2
2
∆ + V (q)
)
ψg(q) = Egψg(q)
One can rewrite this equation as an equation for W (q), where
ψg(q) = exp
(
−W (q)
h¯
)
and obtain the Riccati equation
V − Eg = 1
2
∇µW∇µW − h¯
2
∆W (1)
Our assumptions mean that
W (q)=
∞∑
n=0
h¯nW (n)(q) (2)
V (q)=
∞∑
n=0
h¯nV (n)(q) (3)
Eg =
∞∑
n=0
h¯nE(n)g (4)
and in stronger version also Eg = 0, at least perturbatively. Thus
V =
1
2
∇µW∇µW − h¯
2
∆W
For simplicity we shall first consider the case of simple quantum mechanics on
R
H =
p2
2
+
1
2
(W ′(q))
2 − h¯
2
W ′′(q) (5)
This is already the bosonic “half of” a SUSY hamiltonian 1 . However this
hamiltonian does not satisfy the stability and smoothness assumptions. In
1 For a review of SUSY quantum mechanics see [9].
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fact, changing continously parameters one can change W in such a way that
makes ψg nonnormalizable. An example is W ∼ ax2n. If we have finite norm
for a, that will not be the case for −a. Thus there is no bosonic Hamiltonian
in one dimension satisfying above assumptions. Here a natural generalisation
would be to postulate doubling of the Hilbert space dimension
ψ(q)→

ψ1(q)
ψ2(q)


with the new Hamiltonian
H =
p2
2
+
1
2
(W ′(q))
2 − h¯
2
W ′′(q)σz (6)
Corresponding to the zero energy eigenstate the wave function may be written
ψg(q) = exp
(
−W (q)
h¯
σz
)
ψ(0) (7)
where ψ(0) is any constant two component column matrix. Suppose that for
some W we have the ψg normalizable with σz = +1, we shall have for −W
normalizable state with σz = −1. The above Hamiltonian is the well known
SUSY Hamiltonian where function W is called superpotential [2,11,9].
In the compact case (S1 configuration space) we cannot use the normalization
requirement. However in this case W has at least two critical points and the
Hamiltonian (5) has two independent degenerate (normalizable) ground state
wave functions ψg(q) ∝ exp(∓W (q)/h¯). Both critical points are classical min-
ima where W ′(q) = 0. However, one is maximum of W and another minimum
of W . Due to this the ratio of probabilities to find particle in classical minima
is (
ψg(q1)
ψg(q2)
)2
= exp
{
2
h¯
[W (q2)−W (q1)]
}
This particle is concentrated around minimum of W . Changing sign of h¯ the
situation will reverse. Again this smoothness problem will be avoided if we add
an internal degree of freedom and write Hamiltonian as in (6). The ground
state wave function will now again be (7). Now the change of sign of h¯ will
change only the sign of σz eigenvalue, but the probabilities of position in
configuration space will stay the same.
The smoothness assumption can also lead to Eg = 0, at least to first order
in h¯. This is due to the fact that the usual quantum fluctuations violate
4
smoothness property. For instance, for the harmonic oscillator Eq = |h¯ω|/2.
One would need a compensating term, for instance−h¯ω/2. This however would
be satisfactory for one sign of h¯ only. What would help is to add a term h¯ωσz/2
which depends on extra degree of freedom σz that can take two values σz = ±1
H =
p2
2
+
1
2
ω2q2 − 1
2
h¯ωσz
The ground state energy Eg is now vanishing both for positive and negative
h¯.
3 SUSY from perturbative vanishing of cosmological constant
It is well known that one of the consequences of non-renormalization theorems
in SUSY QFT is that if effective potential vanishes at some point at the
tree level, then it vanishes at that point to all finite orders of perturbation
theory [10]. That means that in SUSY theories the zero energy property of
the classical vacuum is not changed by higher orders in perturbation theory.
Now, let us reverse above statement in the following way. Suppose that we
start with a system which has only bosonic degrees of freedom ϕi and some
generic regular potential V (ϕ) (unless stated differently we assume bounding
potential, i.e., V (ϕ)→∞ as |ϕi| → ∞). Classical (tree level) vacua are min-
ima of V (ϕ). Let us now insist that for some reason (e.g., small cosmological
constant) classical vacua are isolated and have energy equal to zero genericaly,
i.e., for general values of parameters appearing in V (ϕ). Now, V is positive so
it can be written as V (ϕ) =
∑
n(fn(ϕ))
2, where fn are some generic regular
functions. To obtain only a discrete set of vacua, the number of functions fn
should be equal to the dimension of the configuration space.
We shall take fn(ϕ) equal to a gradient of some function W (ϕ). In fact this
follows from the Riccati equation (1) and smoothness assumptions (2–4).
After quantization, quantum fluctuations will move energies of the vacua to
non-zero values. Now we come to the central question. Could we obtain SUSY
(or its part) just adding something in a “minimal” way to keep all classical
vacua perturbatively at zero energy? By “minimaly” we think adding minimal
number of new degrees of freedom and preserving asymptotic behaviour of
bosonic potential. We will analyse this through a few simple examples.
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3.1 One-dimensional QM
Let us first consider the simplest model, a particle moving in 1-D space under
influence of the external potential. The Hamiltonian is given with
H =
1
2
p2 +
1
2
(W ′(x))2
where the mass is scaled to one and prime denotes derivation. The “superpo-
tential” W will genericaly have a number of nondegenerate critical points x(i),
any of which correspond to classical zero-energy state.
Consider perturbation theory around one classical minimum x(i). In the lowest
order (harmonic oscillator) approximation we have
H0 =
1
2
p2 +
1
2
(
W ′′(x(i))
)2 (
x− x(i)
)2
We can see that lowest order quantum correction of classical zero-energy state
is
E
(i)
0 =
h¯
2
|W ′′(x(i))|
so the corrected Hamiltonian Hc0, with zero-energy ground state in harmonic
oscillator approximation, is
Hc0 =
1
2
p2 +
1
2
(
W ′′(x(i))
)2 (
x− x(i)
)2 − h¯
2
∣∣∣W ′′(x(i))∣∣∣ (8)
Now comes the central question: can we generalize the above construction, i.e.,
find corrected Hamiltonian Hc for which classical ground states continue to
have zero energy to any finite order of perturbation theory? Naively, a simple
generalisation of Eq. (8) could be
Hc =
1
2
p2 +
1
2
(W ′(x))
2 − h¯
2
|W ′′(x)| (9)
or
Hc =
1
2
p2 +
1
2
(W ′(x))
2 − h¯
2
sign
(
W ′′(x(i))
)
W ′′(x) (10)
Now we argue that both suggestions are unacceptable:
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• (9) and (10) both contain a square root which is “non-analytical”
• (9) doesn’t do the trick at next order of perturbation theory. Indeed, it is
shown in Appendix A that (10) is a unique form if we allow thatW depends
on h¯ (i.e. other solutions can, after redefining W , be put in the form (10)).
• if we order critical points such that x(i) < x(i+1) Hessians W ′′(x(i)) will have
alternating signs, so correction term in (10) will do the trick only in every
second critical point. We loose half of classical zero-energy vacua.
The “minimal” way to keep all wanted properties, i.e., perturbative preserving
of zero energy for all classical vacua and keeping asymptotic behaviour of
potential, is to take
Hc =
1
2
p2 +
1
2
(W ′(x))
2
+
h¯
2
W ′′(x)σ (11)
where σ is an operator which acts on some internal space of states (commutes
with x and p) and have one +1 and one -1 eigenvalue, so that there is state
with correct sign for every critical point. Obviously, a “minimal” choise is to
take two-dimensional internal space and one of Pauli matrices for σ, e.g., σz.
The thus obtained Hamiltonian (11) is just Witten’s N = 2 SUSY QM.
3.2 D-dimensional QM
Consider now D-dimensional version of above model. We start from the bos-
onic Hamiltonian
H =
1
2
D∑
a=1
[
(pa)
2 + (∂aW (x))
2
]
a = 1, . . . , D (12)
and try to apply the same argumentation as in previous subsection.
The “Superpotential” W (x) generaly has a number of nondegenerate critical
points. We expand the potential around one of them and in the lowest order
get
H0 =
1
2
papa +
1
2
∂a∂bW (x
(i))∂a∂cW (x
(i))
(
x− x(i)
)
b
(
x− x(i)
)
c
Now we make a rotation 2 x′ = O(i)x, O(i) ∈ O(D) that diagonalizes the
Hessian of W (x) at x(i). In the rotated coordinates H0 is (we denote W
′(x′) ≡
2 In this and following subsection primes denote coordinate systems. In the rest of
the paper prime denotes derivation of the function.
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W (x))
H0 =
1
2
D∑
a=1
[
(p′a)
2 +
(
∂′2a W
′(x′(i))
)2 (
x′a − x′(i)a
)2]
These are just D decoupled harmonic oscillators, so the ground state energy
is
E
(i)
0 =
h¯
2
D∑
a=1
∣∣∣∂′2a W ′(x′(i))∣∣∣
Again, by the simmilar argument as in the one-dimensional case, we can con-
clude there is no D-dimensional bosonic Hamiltonian satisfying our assump-
tions.
As in the previous section we can construct in the first order approximation
the corrected Hamiltonian which preserves zero-energy classical ground state
connected to i-th critical point. It is given with:
Hc0 =
1
2
D∑
a=1
[
(p′a)
2 +
(
∂′2a W
′(x′(i))
)2 (
x′a − x′(i)a
)2
+ h¯∂′2a W
′(x′(i))σ(i)a
]
(13)
where σ(i)a are hermitian operators on some internal space which have following
properties:
(1)
(
σ(i)a
)2
= 1
(2) Tr σ(i)a = 0
(3) [σ(i)a , σ
(i)
b ] = 0 for a 6= b
which follow from the “minimal” requirement that σ(i)a should act only as signs
so that we obtain one and only one zero-energy vacuum near any critical point
ofW (regardless of its index). It is clear that the smallest representation of the
above algebra is defined on 2D dimensional state composed od D independent
“sites” on which σ(i)a act as Pauli matrices.
Now, for the full corrected Hamiltonian we could naively expect (still in rotated
coordinates x′):
Hc =
1
2
D∑
a=1
[
(p′a)
2 + (∂′aW
′(x′))
2
+ h¯∂′2a W
′(x′)σ(i)a
]
But, we can immidiately see a problem; the rightmost term (“correction”) is
not invariant under rotations, so in a generic coordinate system it would have
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non-diagonal terms (∂a∂bW ). Because non-diagonal terms obviously do not
enter in first order Hc0 (see (13)), it is natural to include them also. So, we are
led to the form:
Hc =
1
2
[
p′ap
′
a + ∂
′
aW
′(x′)∂′aW
′(x′) + h¯∂′a∂
′
bW
′(x′)χ
(i)
ab
]
(14)
where χ
(i)
ab are operators such that χ
(i)
aa = σ
(i)
a , but still unspecified for a 6= b.
Now, we want from Hc to have zero-energy perturbative vacuum at every
critical point, and not just i-th. If we make the above procedure for some
other critical point j 6= i we would obtain
Hc =
1
2
[
p′′ap
′′
a + ∂
′′
aW
′′(x′′)∂′′aW
′′(x′′) + h¯∂′′a∂
′′
bW
′′(x′′)χ
(j)
ab
]
(15)
where x′′ = O(j)x are coordinates which diagonalizes the Hessian of W at
x(j), W ′′(x′′) = W (x), and χ
(j)
ab are operators with the same properties as χ
(i)
ab .
Now, (14) and (15) should be two forms of the same Hamiltonian, written in
different coordinate systems connected with rotation
x′′ = O(ij)x′, O(ij) = O(j)
(
O(i)
)⊤
If we now write Hamiltonian (15) in x′ coordinates and compare it with (14)
we obtain condition
χ
(j)
ab = O(ij)ac O(ij)bd χ(j)cd
We want this to be true for any pair of critical points for generic W (x). That
leads us to the following conclusion: if we can find operators χab such that
sets χaa and χ
′
aa both satisfy conditions 1-3, where primed set is obtained by
applying arbitrary rotation O ∈ O(D), i.e.
χ′ab = OacObdχcd (16)
then the Hamiltonian given with
Hc =
1
2
[papa + ∂aW (x)∂aW (x) + h¯∂a∂bW (x)χab] (17)
will have required properties.
It is obvious that SUSY case χab = [ψ¯a, ψb] satisfy above condition. Now we
shall explicitly show for D = 2 that this is a unique solution.
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3.2.1 D = 2 QM
We can take the set of Hermitian operators χab to be symmetric in indeces,
so there are three independent operators, χ11, χ22 and χ12. Without any loss
of generality we can take a following representation for diagonal operators:
χ11 = σ
z
1 = σ
z ⊗ 1, χ22 = σz2 = 1⊗ σz
General matrix O ∈ O(2) has standard parametrization:
O =

 cosφ sinφ
− sinφ cos φ


Using this in (16) gives χ′11 = O1cO1dχcd, which inserted in condition (χ′11)2 =
1 gives
sin(2φ)
(
2χ212 + χ11χ22 − 1
)
+ 2 cos2φ {χ11, χ12}+ 2 sin2φ {χ22, χ12} = 0
If we take φ = 0, pi/2, we obtain conditions:
0 = {χ11, χ12} = {χ22, χ12} = 2χ212 + χ11χ22 − 1
Explicit calculation in the above representation gives
χ12 =


0 0 0 0
0 0 ω 0
0 ω∗ 0 0
0 0 0 0


, |ω| = 1
Now we’ll show that we have in fact obtained N = 2 SUSY QM. To do
so, we first introduce fermionic operators ψa and ψ¯a = ψ
†
a , a = 1, 2, which
satisfy CAR {ψ¯a, ψb} = δab. We can represent them using Jordan-Wigner
transformation:
ψ1 = σ
−
1 = σ
− ⊗ 1, ψ2 = −ωσz1σ−2 = −ωσz ⊗ σ−
10
From that follows
[ψ¯1, ψ2] + [ψ¯2, ψ1] = 2ωσ
+
1 σ
−
2 + 2ω
∗σ−1 σ
+
2 = 2


0 0 0 0
0 0 ω 0
0 ω∗ 0 0
0 0 0 0


= 2χ12
which shows that we can write corrected Hamiltonian (17) in the form
Hc =
1
2
(
papa + ∂aW (x)∂aW (x) + h¯∂a∂bW (x)[ψ¯a, ψb]
)
i.e., N = 2 SUSY QM [11].
3.3 Wess-Zumino QM
Consider now QM model on the complex plane, with Hamiltonian given with:
H = p¯p+ ∂¯W¯ (z¯)∂W (z) (18)
where W (z) is holomorphic function, and CCR are [z, p] = ih¯, [z¯, p¯] = ih¯.
Obviously, if we write z = (x1+ ix2)/
√
2, ∂ = (∂1− i∂2)/
√
2, and use Cauchy-
Riemann conditions, we can see that (18) is a special case of D = 2 Hamilto-
nian (12) with u(x) = 2ReW (z) playing the role of W (x) in (12). The only
difference from the analysis in last subsection comes from the fact that u(x)
satisfies Laplace equation (consequence of Cauchy-Riemann conditions):
2∑
a=1
∂2au(x) = 0
It means that all critical points of u(x) have index -1 and traceless Hessians,
so we must take this as a “constraint” (in the last subsection we supposed
generic W (x) with generic critical points. From this follows that instead of
(13) we now have around i-th critical point
Hc0 =
1
2
D∑
a=1
[
(p′a)
2 +
(
∂′2a u
′(x′(i))
)2(
x′a − x′(i)a
)2]
+
h¯
2
(
∂′21 u
′ − ∂′22 u′
)
(x′(i)) σ(i)
11
where again
(
σ(i)
)2
= 1. We can again conclude that corrected Hamiltonian
is
Hc =
1
2
[
papa + ∂au(x)∂au(x) + h¯∂a∂bu(x)χ
(i)
ab
]
(19)
but where operators χab now satisfy the properties χ11 = −χ22 ≡ σ, σ2 = 1,
which are invariant on O(2) rotations (i.e., χ′ab = OacObdχcd should have the
same properties for any O ∈ O(2)).
Now, from (χ′11)
2 = 1 we obtain condition
sin(2φ)
(
χ212 − 1
)
+ cos(2φ) {σ, χ12} = 0
Taking φ = 0, pi/4 it follows that χ12 should satisfy {σ, χ12} = 0, (χ12)2 = 1.
We can represent obtained algebra with
σ = χ11 = −χ22 = σx , χ12 = σy (20)
Obtained model is not SUSY, but we shall now show how it is connected to
SUSY.
It is well-known [11–13] that there is N = 4 SUSY model connected to (18):
HWZ = p¯p+ ∂¯W¯ (z¯)∂W (z) + h¯∂
2W (z)ψ2ψ1 + h¯∂¯
2W¯ (z¯)ψ¯1ψ¯2 (21)
which is also a special case of N = 2 SUSY QM in D = 2 (17). It is named
Wess-Zumino QM because it can be obtained by dimensional reduction from
Wess-Zumino SUSY QFT in two dimensions (every SUSY QMmodel obtained
from SUSY QFT by dimensional reduction has at least N = 4 SUSY). Let’s
consider properties of WZ QM. First, we define a vacuum |+〉 and a fully filled
fermion state |−〉 as
ψa|+〉 = 0 , |−〉 ≡ ψ¯1ψ¯2|+〉
These states span bosonic part of the Hilbert space (convention). It is easy
to se that HWZ acts on fermionic part of Hilbert state (spaned by ψ¯a|+〉) as
(18) which is positive definite so there are no zero energy fermionic states. It
appears that when SUSY cannot make zero energy states in some sector, then
it does nothing in that sector.
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Let us now analyze action of HWZ on bosonic states. It is easy to see that if
we use a representation
|+〉 =
(
1
0
)
|−〉 =
(
0
1
)
then we have ψ2ψ1 = σ
+ and ψ¯1ψ¯2 = σ
−, so the “SUSY part” of HWZ is
represented with
∂2W (z)ψ2ψ1 + ∂¯
2W¯ (z¯)ψ¯1ψ¯2 = ∂
2
1u(x)σ
x + ∂1∂2u(x)σ
y
We now see that HWZ constrained on bosonic part of Hilbert state (where
there are all zero-energy vacua) is equal to our corrected Hamiltonian (19),
(20).
4 “Als ob” fermions from bosons
4.1 Quantum mechanics in compact space
We consider particle moving in D-dimensional compact Riemann space with
the Hamiltonian given with
H = −h¯2∇2 + V (q)
where q = (q1, . . . , qD) are coordinates, and ∇ the covariant derivative. Again,
as in the Section 2, the potential V (q) can be written in the form of Riccati
equation
V (q)−Eg = (∇W (q))2 − h¯∇2W (q) (22)
where Eg is the ground state energy, and W (q) is connected to the ground
state wave function ψg(q) with
W (q) = −h¯ lnψg(q)
We want again for our system to have “smooth” classical limit, so we take
V (q), Eq and W (q) to be “expandable” in h¯:
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V (q)=
∞∑
n=0
h¯nV (n)(q) (23)
Eg =
∞∑
n=0
h¯nE(n)g
W (q)=
∞∑
n=0
h¯nW (n)(q) (24)
This leads us to two statements.
Statement 1 The classical potential V (0)(q) has at least two equally deep
minima, i.e., there exists at least two points qi for which V
(0)(qi)− E(0)g = 0.
More precisely, number of these classical minima is equal to the number of
critical points of W (0)(q).
Proof. If we put (23–24) into (22) and take h¯ = 0, we obtain
V (0)(q)−E(0)g =
(
∇W (0)(q)
)2
(25)
But now, on a compact configuration space every function has at least one
local minimum and one local maximum (and so W (0)), so there are at least
two points qi in which ∇W (0) = ∂W (0) = 0. Inserted in (25) that proves the
statement.
Statement 2 Main concentration of probability for the ground state (mea-
sured by |ψg(q)|2) will jump from around the global maximum to around the
global minimum of W (q) when h¯ is continously passing by h¯ = 0.
Proof. It is clear that for h¯ small enough critical points of W (q) just have
slightly different positions from those of W (0)(q). For small h¯ ground state
wave function is approximately
ψg(q) = exp
[
−1
h¯
∞∑
n=0
h¯nW (n)(q)
]
≈ exp
[
−1
h¯
W (0)(q)
]
It is clear that for h¯ positive (negative) ψg(q) is sharply peaked around the
global maximum (minimum) ofW (0)(q), so we have a “jump” when h¯ is passing
zero.
It is the crux of our “derivation” of (need for) SUSY that we declare:
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Such a “jumping” under h¯ passing h¯ = 0 (from h¯ > 0 to h¯ < 0) means that
the classical limit is not good!
That is to say, we assume that we shall be able – if needed using some slightly
modified identification of states with classical states – to arrange this “jump-
ing” to be avoided. If not, we do not accept the system as obeying what we
loosely call “our smoothness assumptions”.
Our “solution” to the jumping-of-states-to-different-minimum-of-V -problem is
proposed as:
We propose to change the classical configuration space by putting together to
one point so many points as are needed to have all the “jumps” for h¯ → −h¯
occur between original q-points now identified to be interpreted as only one
point.
If we want to have classical physics not to distinguish the points to be identified
– say we identify q → f(q) – then at least to classical approximation we must
have
(1) The map f : configuration space → configuration space being an isome-
try for the metric gab(q) of the kinetic term
gab(f(q))
∂fa
∂qc
∂f b
∂qd
= gcd(q)
(2) V (f(q)) = V (q)
We expect that additional variables, introduced to denote different (bosonic)
configurations which are classically indistinguishable, will behave as fermionic
degrees of freedom, at least locally around classical vacua, or in perturbative
expansion.
4.1.1 Example: a circle
As a simple example of the above ideas, let us consider one dimensional particle
on a flat circle 3 . The Hamiltonian is now
H = p2 + V (q) (26)
where q ∼ q + 4pi (we denote the configuration space S14pi). In the simplest
case there are two classical vacua. It follows that there are only two possible
isometric maps f
3 In one dimension all metric tensor fields can be made trivial, i.e. g11 = 1, by
appropriate choice of coordinate.
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f(q)= q + 2pi (mod 4pi) (27)
f(q)= 2pi − q (mod 4pi)
(this follows from f(f(q)) = q (mod 4pi)). By arguing about a slightly pushed
ground state – a superposition of the ground state and first excited state – we
may argue for (27).
If we take for granted that the points on the S14pi to be identified are
q ←→ f(q) = q + 2pi (mod 4pi)
we may look for an operator Q that maps the state ψ : S14pi → C into the
another state localized at “same classical points” (but at different q, namely
f(q)). More precisely, we want that if ψ is a qˆ-eigenstate, say ψ(q) = δ(q−q0),
then Qψ should be nonzero only at q0 and f(q0). The requirement of Qδ(q−q0)
being local in the sense of δ-functions and their derivatives around q0 or q0+2pi
means
Qδ(q − q0)=P2(pˆ, qˆ)ei
2pipˆ
h¯ δ(q − q0) + P1(pˆ, qˆ)δ(q − q0)
=P2(pˆ, qˆ)“σx”δ(q − q0) + P1(pˆ, qˆ)δ(q − q0)
where “σx” is the translation operator by 2pi, i.e.,
“σx” ≡ exp
(
i
h¯
2pipˆ
)
and Pα, α = 1, 2 are finite polinomials in pˆ (so they can only make infinitesimal
translations) and smooth 4pi-periodic functions of qˆ.
Using the fact that qˆ-eigenstates δ(q−q0) constitute a complete basis we argue
that the operator Q is of the form
Q = P2(pˆ, qˆ)“σx” + P1(pˆ, qˆ)
We are tempted to drop the second term because we really want the part of Q
that shift the state from one q-neighbourhood to another one (around q + 2pi
(mod 4pi)).
Let us return to the system which we want to analyze, with Hamiltonian given
in (26). Using Riccati eq. (22) it can be written as
H = pˆ2 + (W ′(qˆ))
2 − h¯W ′′(qˆ) + Eg = (pˆ+ iW ′(qˆ)) (pˆ− iW ′(qˆ)) + Eg (28)
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From the requirement that the classical potential V (0)(q), for which Riccati
equation gives
V (0)(q) =
(
W (0) ′(q)
)2
is the same for q and f(q) = q + 2pi, follows
(
dW (0)
dq
)2 ∣∣∣∣∣∣
q
=
(
dW (0)
dq
)2 ∣∣∣∣∣∣
q+2pi
which means that W (0) must be antiperiodic with period 2pi. We now assume
the same property for the full W , i.e.,
W (q) = −W (q + 2pi) (mod 4pi) (29)
This can also be written using “σx” as
{“σx”,W (qˆ)} = 0 (30)
From 4pi-periodicity follows
(“σx”)
2 = 1 (“σx”)
† = “σx”
For the completeness we add also trivial relation
[“σx”, pˆ ] = 0 (31)
Now if we take for Q
Q = Q† = (pˆ+ iW ′(qˆ)) “σx” (32)
from (28) and (30–31) follows
H =
1
2
{Q,Q}+ Eg = Q2 + Eg (33)
If we could find fermion number operator F such that (−1)F anticommutes
with Q, we could say that our starting purely bosonic system can be written
as supersymmetric. This is our next task.
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Locally in q, or perturbatively, we define a fermion number F so that
(−1)F = “σz” (34)
where “σz” is defined for the neighbourhoods (of trivial topology) of critical
points ofW (q) (which are near classical vacua for h¯ small) in the following way.
Denote by qg minimum of W (q) and arrange that 0 < qg < 2pi. Because of the
2pi-antiperiodicity of W we know that maximum of W is at f(qg) = qg + 2pi.
Now, equivalence q ∼ f(q) reduces classical configuration space from S14pi to
S12pi = S
1
4pi/Z2. Because quantum corrections break the equivalence, beside
“classical position” q¯ ∈ [0, 2pi] we need another discrete degree of freedom
which tells us in which of the classically equivalent points (q¯ or q¯ + 2pi) par-
ticle is. More formaly, we split the wave function ψ(q), q ∈ [0, 4pi〉 in two
components ψ(q¯, σ), q ∈ [0, 2pi], σ = ±1 in the following way
ψ(q¯, 1) ≡ ψ(q¯), ψ(q¯,−1) ≡ ψ(q¯ + 2pi), q¯ ∈ [0, 2pi] (35)
From the definition of “σx” follows
“σx”ψ(q) = ψ(q + 2pi)
so we have
“σx”ψ(q¯, σ) = ψ(q¯,−σ), σ = ±1
We can now define operator “σz” such that
“σz”ψ(q¯, σ) = σψ(q¯, σ) (36)
Obvious properties of “σz” are
{“σz”, “σx”} = [“σz”, pˆ ] = [“σz”, q¯ ] = 0
(“σz”)
2 = 1, (“σz”)
† = “σz”
From that, (32), and (34) trivially follows
{(−1)F , Q} = {“σz”, Q} = 0
Finally, using q¯ and “σz” instead of q, we can formally write Hamiltonian (28)
in the standard N = 2 SUSY form
H = pˆ2 +
(
W ′(ˆ¯q)
)2 − h¯W ′′(ˆ¯q)“σz” + Eg (37)
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where we have used (29).
Now, above result is certainly not true and it is easy to find where we cheated.
Splitting of configuration space (35) imposes specific boundary conditions
ψ(2pi, σ) = ψ(0,−σ), ψ′(2pi, σ) = ψ′(0,−σ)
which are obviously incompatible with the definition of “σz” (36). But, if we
restrict ourself to low energy perturbation theory around classical minimum,
then boundary conditions became irrelevant and we can consider our purely
bosonic system to behave as N = 2 SUSY theory (37).
The same thing can be seen looking at the “smoothness” properties of “σz”.
From its definition we can see that when it acts on eigenvectors of qˆ, its
eigenvalue jumps from 1 to −1 when q passes 2pi. From that we can conclude
that “σz”, and so fermion number F also, can be defined only locally around
classical minima.
4.2 Summary
If we want a good classical physics limit continuous under sign change of h¯, i.e.,
under h¯→ −h¯, then if a wave packet jumps from x→ f(x) we must interprete
that x and f(x) are (after all, we pretend it) the same point. Otherwise the
classical position is not smoothly going with h¯.
To pretend such identification of points without making the (classical) me-
chanical properties of the particle jump, the map f must be an isometry and
the potential must be invariant:
V (f(q)) = V (q)
or say,
V (0)(q) = (W ′(q))
2
= (W ′(f(q)))
2
= V (0)(f(q))
Let us emphasize main point again. As you vary the parameters – say h¯ – so
that near a minimum (or for that matter near wave function ψg) its lnψ(q)
change sign, then the wave packet will jump somewhere far away, or become
non-normalizable (in non-compact case). This jump must by “identification”
be pretended not to occur.
To live up to the requirements of smoothness under h¯ continuing to −h¯, the
place where a wave packet jumps under h¯ → −h¯ must (classically at least)
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behave like the place it jumped from. It follows that q → f(q) decribing the
jumping of narrow wave packages must be a (classical) symmetry transforma-
tion of the configuration space.
As a simple example we considered the 4pi-periodic pure quantum mechanical
system with no fermionic degrees of freedom. We have shown that it is equiv-
alent to a 2pi-classically-periodic system with a fermionic degree of freedom
which:
• has exact SUSY with Hamiltonian given by
H = Q2 + constant
where SUSY generator Q is
Q = Q† = (pˆ+ iW ′(qˆ)) e
i
h¯
2pipˆ = (pˆ + iW ′(qˆ)) “σx”
• has – but only locally, or to perturbative approximation to all orders – a
conserved fermion number with
(−1)F = “σz”
where “σz” is distinguishing points in configuration space wich are classically
indistinguishable, i.e., q from q + 2pi.
5 Conclusion
For the purpose of construction of realistic models it would be desirable to
construct nonsupersymmetric theories having certain simple properties which
are usually consequences of supersymmetry, e.g., vanishing of the cosmolog-
ical constant. It is therefore that we investigate in this paper consequences
of certain simple assumptions on quantum mechanical models. We assume
smoothness of ground state properties in Planck constant and vanishing of
the ground state energy (at least perturbatively). In fact, these two properties
are related because vacuum fluctuations produce kink type singularities.
We start from a classical bosonic theory. The resulting Hamiltonian consists of
a classical bosonic part with a potential of the form (W ′)2, and an additional
h¯ term of the form −h¯W ′′. The function W is called superpotential. The
absolute value of the last term is exactly equal to vacuum fluctuation term but
the term itself changes sign from one classical vacuum to the next one. Thus
in the case of many degenerate vacua due to positive definiteness of vacuum
fluctuations the desired property will be fulfilled only in half of the minima.
It is thus impossible to fulfill our assumptions with the pure bosonic theory.
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Complete cancelation in all minima can be however obtained by doubling
the Hilbert space of states and adding the term h¯W ′′σ3. The result is SUSY
QM. Such a procedure can be generalised to quantum mechanics of n bosonic
degrees of freedom (Section 3.3). The requirement of subtraction of quantum
fluctuations for all critical points of the superpotential leads to restrictions (see
Eq. (16) in Section 3.3) which are solved by SUSY Hamiltonian. In the case of
2 dimensional quantum mechanics it is shown to be the only solution (Section
3.3.1). This analysis was done for generic superpotential with generic critical
points. It is interesting to consider a superpotential with some constraints on
critical points. In particular a superpotential is taken which has all critical
points with index 1 and traceless Hessian (see Eq. (18) in Section 3.4). In
that case we obtain by the subtraction procedure the Hamiltonian (19). This
Hamiltonian is related to the Wess-Zumino N = 4 SUSY QM (21). In fact
they coincide in the bosonic sector (fermion number 0 and 2). The WZ model
has in addition a fermionic sector with nonzero vacuum energy. Here the SUSY
terms vanish.
The previous analysis was first performed in first order in h¯. One would natu-
rally expect it to be true also in higher orders. In Appendix A was performed
the second order analysis for the particular case of one dimensional bosonic
quantum mechanics. It was again shown that vacuum energy cancellation leads
to bosonic part of SUSY Hamiltonian.
In the Section 4 we have taken a slightly different point of view. We have
assumed certain smoothness assumptions (in fact we assume a classical limit
to hold even letting h¯ go to be – small and – negative) and have then shown
under the rather strong consequences restricting the properties of the purely
bosonic compact QM considered to be perturbatively equivalent to a SUSY
quantum system. These strong consequences imposed include several – at least
two – minima in the potential V , and a discrete symmetry reflecting in some
way the classical configuration space. Then the fermionic degree of freedom
is identified with the label(s) separating the components of the configuration
space into which we divide it to present at the end the classical configuration
space as one of these components, the other one being an identified copy using
the symmetry as identification (made up to get rid of jumping of the wave
packet under h¯→ −h¯).
Finally, previous analysis would suggest that certain simple assumptions like
smoothness of ground state properties in h¯ or vanishing of ground state en-
ergy would require supersymmetry. That would mean that it is very difficult
to avoid SUSY and if that is necessary because of phenomenological reasons
one has to abandon also previously mentioned properties. It is also impor-
tant to stress that a particular consequence of previous statements is that
bosons without fermions cannot satisfy above requirements, at least in cases
considered.
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It would be interesting to pursue further investigations in quantum mechanics
and field theory to see how general these conclusions could be or could they
be avoided in some circumstances.
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A Appendix: Perturbative analysis in 1D QM
We start from one-dimensional Hamiltonian
H =
p2
2
+ V (x)
It is well-known that if the ground state energy is discrete and exactly equal
to zero 4 , the potential V (x) can always be written in the form of the Riccati
equation
V (x) =
1
2
(W (x))− h¯
2
W ′(x) (A.1)
where W (x) is determined from the ground state wave function ψv(x)
W (x) = −h¯ d
dx
lnψv(x)
Now we can ask ourself if that is also true if we instead demand the weaker
condition that ground state energy is equal to zero only perturbatively in h¯.
That means the following.
We start from the classical (i.e., independent of h¯) potential V0(x) which is
positive, so we can write it as V0 = W
2
0 /2. We assume that the classical
4 If this is true for every value of h¯ it follows that V (x) explicitely depends on h¯.
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vacuum energy is zero, so there is (at least one) point x0 in which V0(x0) =
0 (from positivity obviously follows V ′0(x0) = 0). We suppose that x0 is a
nondegenerate critical point of V0, i.e., V
′′
0 (x0) 6= 0. From V ′′ = (W ′0)2+W0W ′′0
andW0(x0) = 0 follows thatW
′
0(x0) 6= 0. For notational simplicity we translate
x so that x0 = 0.
After quantization the ground state energy obtains a quantum correction
which for such potential is strictly larger than zero. Now we add h¯ depen-
dent term and take V equal to (after expanding in h¯)
V (x) =
∞∑
n=0
h¯nVn(x) (A.2)
Our goal is to find out conditions on Vn which follow from requirement that
vacuum energy vanishes in every order of perturbation expansion in h¯. We
shall make calculation to second order and show that to this order obtained
conditions on Vn are exactly those which follow from condition that V can be
written in the form of the Riccati equation (A.1) (where W generaly depends
on h¯).
To do perturbative expansion of vacuum energy in h¯ we must Taylor-expand
potential V (x) around classical vacuum x = 0. For this we need following
expansions:
W0(x) =
∞∑
k=1
w
(0)
k x
k
Vn(x) =
∞∑
k=0
v
(n)
k x
k
Using ordinary perturbation theory and collecting terms wich are of the same
order in h¯, we obtain expansion for vacuum energy
Ev =
∞∑
n=1
h¯n∆n
Requiring ∆n = 0, ∀n leads to constraints on Taylor coefficients v(n)k .
Now we present results for first two terms.
23
A.1 1st order
∆1 =
1
2
+
v
(1)
0
|w(0)1 |
From ∆1 = 0 follows the condition
v
(1)
0 = −
|w(0)1 |
2
(A.3)
A.2 2nd order
2∆2 =
3
2
ηw
(0)
3(
w
(0)
1
)2 + v
(1)
2(
w
(0)
1
)2 − η(
w
(0)
1
)3
(
v
(1)
1 + ηw
(0)
2
) (
v
(1)
1 + 2ηw
(0)
2
)
+
2v
(2)
0
|w(0)1 |
where η = w
(0)
1 /|w(0)1 |. From ∆2 = 0 now follows the condition
v
(1)
2 = −2ηw(0)1 v(2)0 +
η
w
(0)
1
(
v
(1)
1 + ηw
(0)
2
) (
v
(1)
1 + 2ηw
(0)
2
)
− 3
2
ηw
(0)
3 (A.4)
A.3 “Riccati conditions”
Now we want to see what are the conditions on V (x) if it can be written in
“Riccati form” (A.1). For that we must first expand “superpotential” W (x)
in h¯
W (x) =
∞∑
n=0
h¯nWn(x)
Riccati Eq. (A.1) now takes the form (A.2) where Vn(x) are given by
Vn(x) =
1
2
n∑
m=0
Wm(x)Wn−m(x)− 1
2
W ′n−1(x) (A.5)
Our goal is to obtain relations between Taylor coefficients v
(n)
k of Vn(x). When
we put expansion
Wn(x) =
∞∑
k=0
w
(n)
k x
k
24
into (A.5) we obtain
v
(n)
k =
1
2
n∑
m=0
k∑
j=0
w
(m)
j w
(n−m)
k−j −
k + 1
2
w
(n−1)
k+1
We give first few terms explicitely
v
(1)
0 =−
w
(0)
1
2
(A.6)
v
(1)
1 =w
(0)
1 w
(1)
0 − w(0)2 (A.7)
v
(1)
2 =w
(1)
0 w
(0)
2 + w
(0)
1 w
(1)
1 −
3
2
w
(0)
3 (A.8)
v
(2)
0 =
1
2
(
w
(1)
0
)2 − w(1)1
2
(A.9)
v
(2)
1 =w
(1)
0 w
(1)
1 + w
(0)
1 w
(2)
0 − w(1)2 (A.10)
If we take W0(x) (w
(0)
k ) as given and fixed, we see that (A.6) is a condition on
potential V (x). From (A.7–A.9) we can easily obtain second condition
v
(1)
2 = −2w(0)1 v(2)0 +
1
w
(0)
1
(
v
(1)
1 + w
(0)
2
) (
v
(1)
1 + 2w
(0)
2
)
− 3
2
w
(0)
3 (A.11)
Because (A.7–A.9) are three relations including two free parameters (w
(1)
0 and
w
(1)
1 ), (A.11) is the only relation between involved parameters.
Now, if w
(0)
1 > 0 (η = 1) we can see that (A.6) is equal to (A.3), and (A.11)
is equal to (A.4). That means that conditions which follow from requirement
of perturbative (in h¯) vanishing of vacuum energy are equivalent with those
imposed by condition that potential can be written in the Riccati equation
form (A.1), at least in first two orders.
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